I. INTRODUCTION
Understanding the dynamics responsible for baryon excitations provides valuable insight into the forces which confine quarks inside baryons and into the nature of QCD in the nonperturbative regime. This is a driving force behind the experimental effort of the CLAS Collaboration at Jefferson Lab, which is currently accumulating data of unprecedented quality and quantity on various N→N* transitions. With the increased precision of the data comes a growing need to understand the observed N* spectrum within QCD. Although phenomenological low-energy models of QCD have been successful in describing many features of the N* spectrum͑for a recent review see Ref. ͓1͔͒, they leave many questions unanswered, and calculations of N* properties from first principles are indispensable.
One of the long-standing puzzles in spectroscopy has been the low mass of the first positive parity excitation of the nucleon ͓the J P ϭ 1 2 ϩ N*(1440) Roper resonance͔ compared with the lowest lying odd parity excitation. In a valence quark model, in a harmonic oscillator basis, the 1 2 Ϫ state naturally occurs below the Nϭ2, 1 2 ϩ state ͓2͔. Without finetuning of parameters, valence quark models tend to leave the mass of the Roper resonance too high. Similar difficulties in the level orderings appear for the 3 2 ϩ ⌬*(1600) and 1 2 ϩ ⌺*(1690), which has led to speculations that the Roper resonances may be more appropriately viewed as ''breathing modes'' of the states ͓3͔, or described in terms of mesonbaryon dynamics alone ͓4͔, or as hybrid baryon states with explicitly excited glue field configurations ͓5͔.
Another challenge for spectroscopy is presented by the ⌳ 1/2Ϫ (1405), whose anomalously small mass has been interpreted as an indication of strong coupled channel effects involving ⌺, KN , . . . ͓6͔, and a weak overlap with a threevalence constituent-quark state. In fact, the role played by Goldstone bosons in baryon spectroscopy has received considerable attention recently ͓7,8͔.
It has been argued ͓9͔ that a spin-flavor interaction associated with the exchange of a pseudoscalar nonet of Goldstone bosons between quarks can better explain the level orderings and hyperfine mass splittings than the traditional ͑color-magnetic͒ one gluon exchange mechanism. On the other hand, some elements of this approach, such as the generalization to the meson sector or consistency with the chiral properties of QCD, remain controversial ͓1,10,11͔. Furthermore, neither spin-flavor nor color-magnetic interactions are able to account for the mass splitting between the ⌳ 1/2 Ϫ (1405) and the ⌳ 3/2 Ϫ (1520) ͑a splitting between these can arise in constituent quark models with a spin-orbit interaction, however, this is known to lead to spurious mass splittings elsewhere ͓1,12͔͒. Recent work ͓13͔ on negative parity baryon spectroscopy in the large-N c limit has identified important operators associated with spin-spin, spin-flavor and other interactions which go beyond the simple constituent quark model, as anticipated by early QCD sum-rule analyses ͓14͔.
The large number of states predicted by the constituent quark model and its generalizations which have not been observed ͑the so-called ''missing'' resonances͒ presents another problem for spectroscopy. If these states do not exist, this may suggest that perhaps a quark-diquark picture ͑with fewer degrees of freedom͒ could afford a more efficient description, although lattice simulation results provide no evidence for diquark clustering ͓15͔. On the other hand, the missing states could simply have weak couplings to the N system ͓1͔. Such a situation would present lattice QCD with a unique opportunity to complement experimental searches for N*'s, by identifying excited states not easily accessible to experiment ͑as in the case of glueballs or hybrids͒.
In attempting to answer these questions, one fact that will be clear is that it is not sufficient to look only at the standard low mass hadrons (, , N and ⌬) on the lattice-one must consider the entire N* ͑and in fact the entire excited baryon͒ spectrum. In this paper we present the first results of octet baryon mass simulations using an O(a 2 ) improved gluon action and an improved fat link irrelevant clover ͑FLIC͒ ͓16͔ quark action in which only the irrelevant operators are constructed using fat links ͓17͔. Configurations are generated on the Orion supercomputer at the University of Adelaide. After reviewing in Sec. II the main elements of lattice calculations of excited hadron masses and a brief overview of earlier calculations, we describe in Sec. III various features of interpolating fields used in this analysis. Section IV reviews the details of the lattice simulations, and Sec. V gives an overview of the methodology for isolating baryon resonance properties. In Sec. VI we present the results from our simulations and in Sec. VII we make concluding remarks and discuss possible future extensions of this work.
II. EXCITED BARYONS ON THE LATTICE
The history of excited baryons on the lattice is quite brief, although recently there has been growing interest in finding new techniques to isolate excited baryons, motivated partly by the experimental N* program at Jefferson Lab. The first detailed analysis of the positive parity excitation of the nucleon was performed by Leinweber ͓18͔ using Wilson fermions and an operator product expansion spectral ansatz. DeGrand and Hecht ͓19͔ used a wave function ansatz to access P-wave baryons, with Wilson fermions and relatively heavy quarks. Subsequently, Lee and Leinweber ͓20͔ introduced a parity projection technique to study the negative parity 1 2 Ϫ states using an O(a 2 ) tree-level tadpole-improved D 34 quark action, and an O(a 2 ) tree-level tadpole-improved gauge action. Following this, Lee ͓21͔ reported results using a D 234 quark action with an improved gauge action on an anisotropic lattice to study the 1 2 ϩ and 1 2 Ϫ excitations of the nucleon. The RIKEN-BNL group ͓22͔ has also performed an analysis of the N*( 1 2 Ϫ ) and NЈ( 1 2 ϩ ) excited states using domain wall fermions. More recently, a nonperturbatively improved clover quark action has been used by Richards et al. ͓23͔ to study the N*( 1 2 Ϫ ) and ⌬*( Ϫ ) states using an anisotropic lattice with an O(a) improved quark action ͓24͔. Constrained-fitting methods based on Bayesian priors have also recently been used by Lee et al. ͓25͔ to study the two lowest octet and decuplet positive and negative parity baryons using overlap fermions with pion masses down to ϳ180 MeV. While these authors claim to have observed the Roper in quenched QCD, it remains to be demonstrated that this conclusion is independent of the Bayesianprior assumed in their analysis ͓18,26͔.
Following standard notation, we define a two-point correlation function for a spin-1 2 baryon B as
where B is a baryon interpolating field and where we have suppressed Dirac indices. All formalism for correlation functions and interpolating fields presented in this paper is carried out using the Dirac representation of the ␥-matrices. 
when a fixed boundary condition in the time direction is used to remove backward propagating states. The positive and negative parity states are isolated by taking the trace of G B with the operator ⌫ ϩ and ⌫ Ϫ respectively, where
͑4͒
For p ជ ϭ0, ⌫ Ϯ 2 ϭ⌫ Ϯ so that ⌫ Ϯ are then parity projectors. For p ជ ϭ0, the energy E B Ϯϭ M B Ϯ and using the operator ⌫ Ϯ we can isolate the mass of the baryon B Ϯ . In this case, positive parity states propagate in the ͑1, 1͒ and ͑2, 2͒ elements of the Dirac matrix of Eq. ͑3͒, while negative parity states propagate in the ͑3, 3͒ and ͑4, 4͒ elements.
In terms of the correlation function G B , the baryon effective mass function is defined by
Meson masses are determined via analogous standard procedures.
III. INTERPOLATING FIELDS
In this analysis we consider two types of interpolating fields which have been used in the literature. The notation adopted is similar to that of Ref. ͓27͔. To access the positive parity proton we use as interpolating fields
where the fields u, d are evaluated at Euclidean space-time point x, C is the charge conjugation matrix, a,b and c are color labels, and the superscript T denotes the transpose. These interpolating fields transform as a spinor under a parity transformation. That is, if the quark fields q a (x)(q ϭu,d, . . . ) transform as
where x ϭ(x 0 ,Ϫx ជ ), then
For convenience, we introduce the shorthand notation
where S f 1Ϫ3 aaЈ (x,0) are the quark propagators in the background link-field configuration U corresponding to flavors f 1Ϫ3 . This allows us to express the correlation functions in a compact form. The associated correlation function for 1 pϩ can be written as
where ͗•••͘ is the ensemble average over the link fields, ⌫ is the ⌫ Ϯ projection operator from Eq. ͑4͒, and C ϭC␥ 5 . For ease of notation, we will drop the angled brackets, ͗•••͘, and all the following correlation functions will be understood to be ensemble averages. For the 2 pϩ interpolating field, one can similarly write
while the interference terms from these two interpolating fields are given by, e.g.,
͑12͒
The neutron interpolating field is obtained via the exchange u↔d, and the strangeness-2, ⌶ interpolating field by replacing the doubly represented u or d quark fields in Eqs. ͑6͒ and ͑7͒ by s quark fields. ⌺ and ⌶ interpolators are discussed in detail below.
As pointed out in Ref. ͓18͔, because of the Dirac structure of the ''diquark'' in the parentheses in Eq. ͑6͒, in the Dirac representation the field 1 pϩ involves both products of upperϫupperϫupper and lowerϫlowerϫupper components of spinors for positive parity baryons, so that in the nonrelativistic limit 1 pϩ ϭO(1). Here upper and lower refer to the large and small spinor components in the standard Dirac representation of the ␥ matrices. Furthermore, since the ''diquark'' couples to total spin 0, one expects an attractive force between the two quarks, and hence better overlap with a lower energy state than with a state in which two quarks do not couple to spin 0.
The 2 pϩ interpolating field, on the other hand, is known to have little overlap with the nucleon ground state ͓18,28͔. Inspection of the structure of the Dirac matrices in Eq. ͑7͒ reveals that it involves only products of upperϫlower ϫlower components for positive parity baryons, so that 2 pϩ ϭO(p 2 /E 2 ) vanishes in the nonrelativistic limit. As a result of the mixing of upper and lower components, the ''diquark'' term contains a factor ជ
•p ជ , meaning that the quarks no longer couple to spin 0, but are in a relative L ϭ1 state. One expects therefore that two-point correlation functions constructed from the interpolating field 2 pϩ are dominated by larger mass states than those arising from 1 pϩ at early Euclidean times. While the masses of negative parity baryons are obtained directly from the ͑positive parity͒ interpolating fields in Eqs. ͑6͒ and ͑7͒ by using the parity projectors ⌫ Ϯ , it is instructive nevertheless to examine the general properties of the negative parity interpolating fields. Interpolating fields with strong overlap with the negative parity proton can be constructed by multiplying the previous positive parity interpolating fields by ␥ 5 , 1 Ϫ states are observed in the excited nucleon spectrum. In simple quark models, the splitting of these two orthogonal states is largely attributed to the extent to which scalar diquark configurations compose the wave function. It is reasonable to expect 1 pϪ to have better overlap with scalar diquark dominated states, and thus provide a lower effective mass in the moderately large Euclidean time regime explored in lattice simulations. If the effective mass associated with the 2 pϪ correlator is larger, then this would be evidence of significant overlap of 2 pϪ with the higher lying N 1/2Ϫ states. In this event, a correlation matrix analysis ͑see Sec. V͒ will be used to isolate these two states.
Interpolating fields for the other members of the flavor SU͑3͒ octet are constructed along similar lines. For the positive parity ⌺ 0 hyperon one uses ͓27͔
Interpolating fields used for accessing other charge states of ⌺ are obtained by d→u or u→d, producing correlation functions analogous to those in Eqs. ͑9͒ through ͑11͒. Note that 1 ⌺ transforms as a triplet under SU͑2͒ isospin. An SU͑2͒ singlet interpolating field can be constructed by replacing ''ϩ'' → ''Ϫ'' in Eqs. ͑13͒ and ͑14͒. For the SU͑3͒ octet ⌳ interpolating field ͑denoted by ''⌳ 8 ''͒, one has
which leads to the correlation function
and similarly for the correlation functions G 22
and G 21
. The interpolating field for the SU͑3͒ flavor singlet ͑denoted by ''⌳ 1 ''͒ is given by ͓27͔
where the last two terms are common to both 1
and 1
. The correlation function resulting from this field involves quite a few terms,
In order to test the extent to which SU͑3͒ flavor symmetry is valid in the baryon spectrum, one can construct another ⌳ interpolating field composed of the terms common to ⌳ 1 and ⌳ 8 , which does not make any assumptions about the SU͑3͒ flavor symmetry properties of ⌳. We define
to be our ''common'' interpolating fields which are the isosinglet analog of 1 ⌺ and 2 ⌺ in Eqs. ͑13͒ and ͑14͒. Such interpolating fields may be useful in determining the nature of the ⌳*(1405) resonance, as they allow for mixing between singlet and octet states induced by SU͑3͒ flavor symmetry breaking. To appreciate the structure of the ''common'' correlation function, one can introduce the function
which is recognized as G in Eq. ͑8͒ with the relative sign of the two terms changed. With this notation, the correlation function corresponding to the 1
and similarly for the correlation functions involving the 2 ⌳ c interpolating field.
IV. LATTICE SIMULATIONS
Having outlined the method of calculating excited baryon masses and the choice of interpolating fields, we next describe the gauge and fermion actions used in the present analysis. Additional details of the simulations can be found in Ref. ͓16͔.
A. Gauge action
For the gauge fields, the Luscher-Weisz mean-field improved plaquette plus rectangle action ͓29͔ is used. We define
where the operators U sq (x) and U rect (x) are defined as
The link product U rect (x) denotes the rectangular 1ϫ2 and 2ϫ1 plaquettes, and for the tadpole improvement factor we employ the plaquette measure
Re tr͗U sq ͘ ʹ 1/4
. ͑27͒
Gauge configurations are generated using the CabibboMarinari pseudo-heatbath algorithm with three diagonal SU͑2͒ subgroups looped over twice. Simulations are performed using a parallel algorithm with appropriate link partitioning ͓30͔.
The calculations of octet excited-baryon masses are performed on a 16 3 ϫ32 lattice at ␤ϭ4.60. The scale is set via the string tension obtained from the static quark potential ͓31͔
where V 0 , , e and l are fit parameters, and ͓1/r͔ denotes the tree-level lattice Coulomb term
with D 44 (k) the time-time component of the gluon propagator. Note that D 44 (k 4 ,k) is gauge-independent in the Breit frame, k 4 ϭ0, since k 4 2 /k 2 ϭ0. In the continuum limit,
Taking the physical value of the string tension to be ͱ ϭ440 MeV we find a lattice spacing of aϭ0.122(2) fm.
B. Fat-link irrelevant fermion action
For the quark fields, we implement the Fat-Link Irrelevant Clover ͑FLIC͒ action introduced in Ref. ͓16͔. Fat links are created by averaging or smearing links on the lattice with their nearest transverse neighbors in a gauge covariant manner ͑APE smearing͒. In the FLIC action, this reduces the problem of exceptional configurations encountered with Wilson-style actions, and minimizes the effect of renormalization on the action improvement terms. By smearing only the irrelevant, higher dimensional terms in the action, and leaving the relevant dimension-four operators untouched, we retain short distance quark and gluon interactions. Furthermore, the use of fat links ͓17͔ in the irrelevant operators removes the need to fine-tune the clover coefficient in removing all O(a) artifacts. It is now clear that FLIC fermions provide a new form of nonperturbative O(a) improvement ͓32͔.
The smearing procedure ͓33͔ replaces a link, U (x), with a sum of the link and ␣ times its staples
followed by projection back to SU͑3͒. We select the unitary matrix U FL which maximizes
by iterating over the three diagonal SU͑2͒ subgroups of SU͑3͒. This procedure of smearing followed immediately by projection is repeated n times. The fat links used in this investigation are created with ␣ϭ0.7 and nϭ4 as discussed in Ref.
͓16͔. The mean-field improved FLIC action is given by ͓16͔
where F is constructed using fat links, and u 0 FL is calculated via Eq. ͑27͒ using the fat links. The factor C SW is the ͑Sheikholeslami-Wohlert͒ clover coefficient ͓34͔, defined to be 1 at tree-level. The quark hopping parameter is ϭ1/(2mϩ8r). We use the conventional choice of the Wilson parameter, rϭ1. The mean-field improved Fat-Link Irrelevant Wilson action is
͑30͒
Our notation for the fermion action uses the Pauli representation of the Dirac ␥-matrices defined in Appendix B of Sakurai ͓35͔. In particular, the ␥-matrices are Hermitian with ϭ͓␥ , ␥ ͔/(2i).
As shown in Ref. ͓16͔, the mean-field improvement parameter for the fat links is very close to 1, so that the meanfield improved coefficient for C SW is adequate ͓16͔. Another advantage is that one can now use highly improved definitions of F ͑involving terms up to u 0 12 ), which give impressive near-integer results for the topological charge ͓36͔.
In particular, we employ an O(a 4 ) improved definition of F in which the standard clover-sum of four 1ϫ1 loops lying in the , plane is combined with 2ϫ2 and 3ϫ3 loop clovers. Bilson-Thompson et al. ͓36͔ find
where W nϫn is the clover-sum of four nϫn loops and F is made traceless by subtracting 1/3 of the trace from each diagonal element of the 3ϫ3 color matrix. This definition reproduces the continuum limit with O(a 6 ) errors. A fixed boundary condition in the time direction is used for the fermions by setting U t (x ជ ,N t )ϭ0᭙x ជ in the hopping terms of the fermion action, with periodic boundary conditions imposed in the spatial directions. Gauge-invariant Gaussian smearing ͓37͔ in the spatial dimensions is applied at the source to increase the overlap of the interpolating operators with the ground states. The source-smearing technique ͓37͔ starts with a point source, 0 (x ជ 0 ,t 0 ), at spacetime location (x ជ 0 ,t 0 )ϭ(1,1,1,3) ͓38͔ and proceeds via the iterative scheme,
where
͑33͒
Repeating the procedure N times gives the resulting fermion field
The parameters N and ␣ govern the size and shape of the smearing function and in our simulations we use Nϭ20 and ␣ϭ6.
Five masses are used in the calculations ͓16͔ and the strange quark mass is taken to be the second heaviest quark mass (ϭ0.1266) in each case. The analysis is based on a sample of 400 configurations, and the error analysis is performed by a third-order, single-elimination jackknife, with the 2 per degree of freedom (N DF ) obtained via covariance matrix fits.
V. CORRELATION MATRIX ANALYSIS
In this section we outline the correlation matrix formalism for calculations of masses, coupling strengths and optimal interpolating fields. After demonstrating that the correlation functions are real, we proceed to show how a matrix of such correlation functions may be used to isolate states corresponding to different masses, and also to give information about the coupling of the operators to each of these states.
A. The U¿U* method A lattice QCD correlation function for the operator i j , where i is the ith interpolating field for a particular baryon ͑e.g. 2 pϩ in Sec. III͒, can be written as ] , where spinor indices and spatial coordinates are suppressed for ease of notation. The fermion and gauge actions can be separated such that S͓U, ,͔ϭS G ͓U͔ϩ M ͓U͔. Integration over the Grassmann variables and then gives
where the term H i j stands for the sum of all full contractions of i j . The pure gauge action S G and the fermion matrix M satisfy
and
respectively, where C is C␥ 5 . Using the result of Eq. ͑38͒, one has det͑ M ͓U*͔ ͒ϭdet͑ M *͓U͔͒,
Thus, U and U* are configurations of equal weight in the measure ͐DU det(M ͓U͔)exp(ϪS G ͓U͔), in which case G i j can be written as
͑41͒
Let us define In summary, the interpolating fields considered here are constructed using only real coefficients and have no spatial ␥-matrices. Therefore, the correlation functions G i j Ϯ are real. This symmetry is explicitly implemented by including both U and U* in the ensemble averaging used to construct the lattice correlation functions, providing an improved unbiased estimator which is strictly real. This is easily implemented at the correlation function level by observing
for quark propagators.
B. Recovering masses, couplings and optimal interpolators
Let us again consider the momentum-space two-point function for tϾ0,
͑43͒
At the hadronic level,
where the ͉B, pЈ,s͘ are a complete set of states with momentum pЈ and spin s
We can make use of translational invariance to write
͑45͒
It is convenient in the following discussion to label the states which have the interpolating field quantum numbers and which survive the parity projection as ͉B ␣ ͘ for ␣ ϭ1,2, . . . ,N. In general the number of states, N, in this tower of excited states may be infinite, but we will only ever need to consider a finite set of the lowest such states here. After selecting zero momentum, p ជ ϭ0, the parity-projected trace of this object is then
where i ␣ and j ␣ are coefficients denoting the couplings of the interpolating fields i and j , respectively, to the state
If we use identical source and sink interpolating fields then it follows from the definition of the coupling strength that j ␣ ϭ( j ␣ )* and from Eq. ͑46͒ we see that G i j Ϯ (t) ϭ͓G ji Ϯ (t)͔*, i.e., G Ϯ is a Hermitian matrix. If, in addition, we use only real coefficients in the link products, then G Ϯ is a real symmetric matrix. For the correlation matrices that we construct we have real link coefficients but we use smeared sources and point sinks and so in our calculations G is a real but nonsymmetric matrix. Since G Ϯ is a real matrix for the infinite number of possible choices of interpolating fields with real coefficients, then we can take i ␣ and j ␣ to be real coefficients here without loss of generality.
Suppose now that we have M creation and annihilation operators, where M ϽN. We can then form an M ϫM approximation to the full NϫN matrix G. At this point there are two options for extracting masses. The first is the standard method for calculation of effective masses at large t described in Sec. II. The second option is to extract the masses through a correlation-matrix procedure ͓39͔.
Let us begin by considering the ideal case where we have N interpolating fields with the same quantum numbers, but which give rise to N linearly independent states when acting on the vacuum. In this case we can construct N ideal interpolating source and sink fields which perfectly isolate the N individual baryon states ͉B ␣ ͘, i.e.,
such that 
The only t-dependence in this expression comes from the exponential term, which leads to the recurrence relationship
which can be rewritten as
This is recognized as an eigenvalue equation for the matrix
with eigenvalues e m ␣ and eigenvectors u ␣ . Hence the natural logarithms of the eigenvalues of ͓G Ϯ (tϩ1)͔ Ϫ1 G Ϯ (t) are the masses of the N baryons in the tower of excited states corresponding to the selected parity and the quantum numbers of the fields. The eigenvectors are the coefficients of the fields providing the ideal linear combination for that state. Note that since here we use only real coefficients in our link products, then ͓G Ϯ (t ϩ1)͔ Ϫ1 G Ϯ (t) is a real matrix and so u ␣ and v ␣ will be real eigenvectors. It also then follows that z ␣ and z ␣ will be real. These coefficients are examined in detail in the following section.
One can also construct the equivalent left-eigenvalue equation to recover the v vectors, providing the optimal linear combination of annihilation interpolators,
Recalling Eq. ͑49͒, one finds:
The definitions of Eqs. ͑48͒ imply
indicating the eigenvectors may be used to construct a correlation function in which a single state mass m ␣ is isolated and which can be analyzed using the methods of Sec. II. We refer to this as the projected correlation function in the following. Combining Eqs. ͑55͒ and ͑56͒ leads us to the result
By extracting all N 2 such ratios, we can exactly recover all of the real couplings i ␣ and j ␣ of i and j respectively to the state ͉B ␣ ͘. Note that throughout this section no assumptions have been made about the symmetry properties of G i j Ϯ . This is essential due to our use of smeared sources and point sinks.
In practice we will only have a relatively small number, M ϽN, of interpolating fields in any given analysis. These M interpolators should be chosen to have good overlap with the lowest M excited states in the tower and we should attempt to study the ratios in Eq. ͑57͒ at early to intermediate Euclidean times, where the contribution of the (NϪM ) higher mass states will be suppressed but where there is still sufficient signal to allow the lowest M states to be seen. This procedure will lead to an estimate for the masses of each of the lowest M states in the tower of excited states. Of these M predicted masses, the highest will in general have the largest systematic error while the lower masses will be most reliably determined. Repeating the analysis with varying M and different combinations of interpolating fields will give an objective measure of the reliability of the extraction of these masses.
In our case of a modest 2ϫ2 correlation matrix (M ϭ2) we take a cautious approach to the selection of the eigenvalue analysis time. As already explained, we perform the eigenvalue analysis at an early to moderate Euclidean time where statistical noise is suppressed and yet contributions from at least the lowest two mass states are still present. One must exercise caution in performing the analysis at too early a time, as more than the desired M ϭ2 states may be contributing to the 2ϫ2 matrix of correlation functions.
We begin by projecting a particular parity, and then investigate the effective mass plots of the elements of the correlation matrix. Using the covariance-matrix based 2 /N DF , we identify the time slice at which all correlation functions of the correlation matrix are dominated by a single state. In practice, this time slice is determined by the correlator providing the lowest-lying effective mass plot. The eigenvalue analysis is performed at one time slice earlier, thus ensuring the presence of multiple states in the elements of the correlation function matrix, minimizing statistical uncertainties, and hopefully providing a clear signal for the analysis. In this approach minimal new information has been added, providing the best opportunity that the 2ϫ2 correlation matrix is indeed dominated by 2 states. The left and right eigenvectors are determined and used to project correlation functions containing a single state from the correlation matrix as indicated in Eq. ͑56͒. These correlation functions are then subjected to the same covariance-matrix based 2 /N DF analysis to identify new acceptable fit windows for determining the masses of the resonances.
VI. RESULTS

A. Effective masses and the correlation matrix
The correlation matrix analysis has a significant impact on the resolution of states obtained with the ⌳ c interpolating fields of Eqs. ͑21͒ and ͑22͒. Hence we begin our discussion with a focus on these correlation functions.
The effective mass plots for the positive and negative parity ⌳ states obtained using the ⌳ c interpolating field in the 1 1 and 2 2 correlation functions are shown in Fig. 1 uses time slices 9-12. The states obtained from the 2 2 correlation function plateau at earlier times and are also subject to noise earlier in time than the states obtained with the 1 1 correlator. For these reasons, good values of 2 /N DF are obtained on the time interval 6 -8 for the positive parity states (⌳ 2 c ), and time interval 8 -11 for the negative parity states (⌳ 2 c *). Hence, the time slice at which the eigenvalue analysis of the correlation matrix is performed is at Tϭ9 for the even-parity pair of states and at Tϭ8 for the odd-parity pair of states. Selecting only one time slice earlier than that allowed by 2 considerations provides the best chance that only two states are present in the correlation matrix at that time.
To guarantee the robustness of the eigenvector analysis and the subsequent projection procedure, various consistency checks are made at each stage of the process. For instance, a check is made to determine that the eigenvalue in Eq. ͑50͒ is positive, and that the mass determined from the projected correlation function defined in Eq. ͑56͒ is within the statistical fluctuations of the mass extracted without this analysis. For the octet interpolating fields, off-diagonal elements are often suppressed by an order of magnitude relative to the diagonal elements and statistical noise can prevent the eigenvalue analysis from being successful. However, the strong suppression of off-diagonal elements is a clear signature that the mixing of the interpolating fields in these states is negligible.
When the consistency checks are not satisfied, we have explored the possibility of stepping back to the previous time slice and performing the correlation matrix analysis there. In some cases, the mass of the lower-lying state reliably obtained via Euclidean time evolution is seen to increase in the eigenvalue analysis, indicating a failure of the correlation matrix analysis. The increase in the eigenvalue indicates that there are significant contributions from three or more states in the 2ϫ2 correlation matrix, thus spoiling the possibility of successful state isolation. In this case, the correlation matrix analysis is unable to provide additional information and masses are reported from the 1 1 or 2 2 correlators as appropriate. Figure 2 illustrates the effective mass plots of the correlation functions projected from the correlation matrix as in Eq. ͑56͒. The improved plateau behavior is readily visible. Whereas in Fig. 1 the odd-parity effective masses are crossing at tϭ6 and have minimal mass splitting, significant mass splitting between the two states is already apparent at tϭ6 in Fig. 2 . The covariance based 2 /N DF indicates that acceptable plateaus in the effective mass plots start even earlier in some cases. The increase in mass splitting between the two negative parity states is more dramatic for ⌳ c * than for the octet baryon interpolating fields. There the off-diagonal elements of the correlation matrix are suppressed for the negative parity octet baryons, but not so for ⌳ c * . As a result, the projection of states has only a small effect for the octet baryon interpolators and this is detailed in Sec. VI C. Figures 3 and 4 show the effective mass plots of the nucleon correlation functions 1 1 and 2 2 and following projection of the correlation matrix, respectively. Plots for the lightest quark mass considered are presented. The covariance matrix analysis of all quark masses indicates the following analysis windows in Euclidean time: Ϫ ) states labeled ⌳ 1 c (⌳ 1 c *) and ⌳ 2 c (⌳ 2 c *) are obtained using the 1 1 and 2 2 interpolating fields, respectively. The smeared source is at tϭ3. Fig. 1 , but for states obtained using the correlation functions projected from the correlation matrix as in Eq. ͑56͒. Fig. 1 , but for the nucleon states obtained using the correlation functions defined in Eqs. ͑9͒ and ͑10͒. Fig. 2 , but for the nucleon states obtained using the correlation functions projected from the correlation matrix as in Eq. ͑56͒. N 2 *,8Ϫ11; N 2 ,6Ϫ8.
FIG. 2. As in
FIG. 3. As in
FIG. 4. As in
A comparison of Figs. 3 and 4 indicates that the correlation matrix analysis has a significantly smaller effect for the nucleon interpolators than the ⌳ c interpolators. This suggests that the states created by the interpolating fields 1 and 2 have good overlap with the two lowest-lying physical nucleon states.
B. Resonance masses and lattice action dependence
In Fig. 5 we show the nucleon and N*( Table I .
We note here that the spatial size of our lattice is L ϭ1.95 fm and that the values of m given in Table I indicate m Lу5.52, suggesting finite volume errors will be small. Still, one should exercise caution in that the source of the pion cloud is of finite extent and may in fact be large for odd-parity excitations. It will be interesting to examine the sensitivity of these states to the finite volume of the lattice in future simulations.
For comparison, we also show results from earlier simulations with domain wall fermions ͑DWF͒ ͓22͔ ͑open triangles͒, and a nonperturbatively ͑NP͒ improved clover action at ␤ϭ6.2 ͓23͔. The scatter of the different NP improved results is due to different source smearing and volume effects: the open squares are obtained by using fuzzed sources and local sinks, the open circles use Jacobi smearing at both the source and sink, while the open diamonds, which extend to smaller quark masses, are obtained from a larger lattice (32 3 ϫ64) using Jacobi smearing. The empirical masses of the nucleon and the three lowest 1 2 Ϫ excitations are indicated by the asterisks along the ordinate. In an unquenched calculation, the simulation results may shift by the order of 10% ͓8͔.
There is excellent agreement between the different improved actions for the nucleon mass, in particular between the FLIC, DWF ͓22͔ and NP improved clover ͓23͔ results. On the other hand, the Wilson results lie systematically low in comparison to these due to the large O(a) errors in this action ͓16͔. A similar pattern is repeated for the N*( The most striking feature of the data is the relatively large excitation energy of the NЈ( 1 2 ϩ ), some 1 GeV above the nucleon. There is little evidence, therefore, that this state is the N*(1440) Roper resonance. While it is possible that the Roper resonance may have a strong nonlinear dependence on the quark mass at m 2 Շ0.2 GeV 2 , arising from, for example, pion loop corrections, it is unlikely that this behavior would be so dramatically different from that of the N*(1535) so as to reverse the level ordering obtained from the lattice. A more likely explanation is that the 2 interpolating field does not have good overlap with either the nucleon or the N*(1440), but rather ͑a combination of͒ excited 1 2 ϩ state ͑s͒. Recall that in a constituent quark model in a harmonic oscillator basis, the mass of the lowest mass state with the Roper quantum numbers is higher than the lowest P-wave excitation. It seems that neither the lattice data ͑at large quark masses and with our interpolating fields͒ nor the constituent quark model have good overlap with the Roper resonance. Better overlap with the Roper is likely to require more exotic interpolating fields.
In Fig. 7 we show the ratio of the masses of the low-lying N*( 1 2 Ϫ ) and the nucleon. Once again, there is good agreement between the FLIC and DWF actions. However, the results for the Wilson action lie above the others, as do those for the anisotropic D 234 action ͓21͔. The D 234 action has been mean-field improved, and uses an anisotropic lattice which is relatively coarse in the spatial direction (aϷ0.24 fm). This is perhaps an indication of the need for nonperturbative or FLIC improvement.
C. Resolving the resonances
The mass splitting between the two lightest N*(
states ͓N*(1535) and N*(1650)] can be studied by considering the odd parity content of the 1 and 2 interpolating fields in Eqs. ͑6͒ and ͑7͒. Recall that the ''diquarks'' in 1 and 2 couple differently to spin, so that even though the correlation functions built up from the 1 and 2 fields will be made up of a mixture of many excited states, they will have dominant overlap with different states ͓18,20͔. By using the correlation-matrix techniques introduced in the previous section, we extract two separate mass states from the 1 and 2 interpolating fields. The results from the correlation matrix analysis are shown by the filled symbols in Fig. 8 and are Ϯ states. It is interesting to note that the mass splitting between the positive parity N 1 and negative parity N 1,2 * states ͑roughly 400-500 MeV͒ is similar to that between the N 1,2 * and the positive parity N 2 state, reminiscent of a constituent quark-harmonic oscillator picture.
The interpolating coefficients for the two positive and negative parity states ͓see Eq. ͑47͔͒, extracted via the procedure outlined in Sec. V B, are given in Tables II and III for Tables II and III shows the time slice T where the correlation matrix eigenvalue analysis is performed. From Table II one immediately sees that the coefficient u 2 a , reflecting the fraction of 2 required to isolate the ground state nucleon, is extremely small. This further supports the earlier observation that the 2 interpolating field does not have good overlap with the nucleon ground state. Table III shows the coefficients for isolating the two lowestenergy negative-parity N* states using the 1 and 2 interpolating fields. A significant amount of mixing is observed between the two interpolating fields for the lower energy state, particularly at heavy quark masses. This result is anticipated by the long Euclidean time evolution required to achieve an acceptable 2 /N DF for the N 1 * effective mass illustrated in Fig. 3 . The higher N 1/2 Ϫ state, however, is dominated by the 2 field, thus explaining the good effective mass plateau observed in Fig. 3 without the correlation matrix approach. Note that the most significant contribution to the N 2 * state from 1 is for the third quark mass when the correlation matrix analysis is performed at an early time slice and is spoiled by contamination from higher excited states. The most significant contribution at the preferred time slice, which also has the smallest errors, is for the lightest quark mass. It is for these reasons that we choose the lightest quark mass in Fig. 3 to illustrate the effective masses of the projected nucleon states.
Turning to the strange sector, in Fig. 9 we show the masses of the positive and negative parity ⌺ baryons calculated from the FLIC action compared with the physical masses of the known positive and negative parity states. The data for the masses of these states are listed in Table IV , and the interpolator coefficients for the two positive and negative parity states are given in Tables V and VI, respectively. The pattern of mass splittings is similar to that found in Fig. 8 for the nucleon. Namely, the 1 2 ϩ state associated with the 1 field appears consistent with the empirical ⌺(1193) ground state, while the 1 2 ϩ state associated with the 2 field lies significantly above the observed first ͑Roper-like͒ 1 2 ϩ excitation, ⌺*(1660). There is also evidence for a mass splitting between the two negative parity states, similar to that in the nonstrange sector. The behavior of the The spectrum of the strangeness Ϫ2 positive and negative parity ⌶ hyperons is displayed in Fig. 10 , with data given in Fig. 13 . A similar pattern of mass splittings to that for the N* spectrum of Fig. 8 is observed. In particular, the negative parity ⌳ 1 * state ͑diamonds͒ lies ϳ400 MeV above the positive parity ⌳ 1 ground state ͑circles͒, for both the ⌳ 8 and ⌳ c fields. There is also clearevidence of a mass splitting between the ⌳ 1 * ͑diamonds͒ and ⌳ 2 * ͑squares͒.
Using the naive fitting scheme ͑open symbols in Figs. 11 and 12͒, misses the mass splitting between ⌳ 1 * and ⌳ 2 * for the ''common'' interpolating field. Only after performing the correlation matrix analysis is it possible to resolve two separate mass states, as seen by the filled symbols in Fig. 12 . This may be an indication that the physics responsible for the mass splitting between the negative parity ⌳*(1670) and ⌳*(1800) states is suppressed in the ⌳ c interpolating field. This is also evidenced by comparing the interpolator coefficients for the positive and negative parity ⌳ 8 and ⌳ c states, in Tables XII and XIII, . The interpolator coefficients are precisely determined in the ⌳ c correlationmatrix analysis. As for the other baryons, there is little evidence that the ⌳ 2 ͑triangles͒ has any significant overlap with the first positive parity excited state, ⌳*(1600) ͓cf. the Roper resonance, N*(1440), in Fig. 8͔ .
While it seems plausible that nonanalyticities in a chiral extrapolation ͓7͔ of N 1 and N 1 * results could eventually lead to agreement with experiment, the situation for the ⌳*(1405) is not as compelling. Whereas a 150 MeV pioninduced self-energy is required for the N 1 , N 1 * and ⌳ 1 , 400 MeV is required to approach the empirical mass of the ⌳*(1405). This may not be surprising for the octet fields, as the ⌳*(1405), being an SU͑3͒ flavor singlet, may not couple strongly to an SU͑3͒ octet interpolating field. Indeed, there is some evidence of this in Fig. 13 . This large discrepancy of 400 MeV suggests that relevant physics giving rise to a light ⌳*(1405) may be absent from simulations in the quenched approximation. The behavior of the ⌳ 1,2 * states may be modified at small values of the quark mass through nonlinear effects associated with Goldstone boson loops including the strong coupling of the ⌳*(1405) to ⌺ and KN channels. While some of this coupling will survive in the quenched approximation, generally the couplings are modified and suppressed ͓8,40͔. It is also interesting to note that the ⌳ 1 * and ⌳ 2 * masses display a similar behavior to that seen for the ⌶ 1 * and ⌶ 2 * states, which are dominated by the heavier strange quark. Alternatively, the study of more exotic interpolating fields may indicate the ⌳*(1405) does not couple strongly to 1 or 2 . Investigations at lighter quark masses involving quenched chiral perturbation theory will assist in resolving these issues.
VII. CONCLUSION
We have presented the first results for the excited baryon spectrum from lattice QCD using an O(a 2 ) improved Luscher-Weise gauge action 3 ϫ32 lattice at ␤ϭ4.60, providing a lattice spacing of aϭ0.122(2) fm. The analysis is based on a set of 400 configurations generated on the Orion supercomputer at the University of Adelaide.
Good agreement is obtained between the FLIC and other improved actions, including the nonperturbatively improved clover ͓23͔ and domain wall fermion ͑DWF͒ ͓22͔ actions, for the nucleon and its chiral partner, with a mass splitting of ϳ400 MeV. Our results for the N*( 1 2 Ϫ ) improve on those using the D 234 ͓21͔ and Wilson actions. Despite strong chiral symmetry breaking, the results with the Wilson action are still able to resolve the splitting between the chiral partners of the nucleon. Using the two standard nucleon interpolating fields, we also confirm earlier observations ͓20͔ of a mass splitting between the two nearby 1 2 Ϫ states. We find no evidence of overlap with the 1 2 ϩ Roper resonance. In the strange sector, we have investigated the overlap of various ⌳ interpolating fields with the low-lying 1 2 Ϯ states. Once again a clear mass splitting of ϳ400 MeV between the octet ⌳ and its parity partner is seen, with evidence of a mass splitting between the two low-lying odd-parity states. We find no evidence of strong overlap with the 1 2 ϩ ''Roper'' excitation, ⌳*(1600). The empirical mass suppression of the ⌳*(1405) is not evident in these quenched QCD simulations, possibly suggesting an important role for the meson cloud of the ⌳*(1405) and/or a need for more exotic interpolating fields.
We have not attempted to extrapolate the lattice results to the physical region of light quarks, since the nonanalytic behavior of N*'s near the chiral limit is not as well studied as that of the nucleon ͓7,8,41͔. It is vital that future lattice N* simulations push closer toward the chiral limit. On a promising note, our simulations with the 4 sweep FLIC action are able to reach relatively low quark masses (m q ϳ60-70 MeV) already. Our discussion of quenching effects is limited to a qualitative level until the formulation of quenched chiral perturbation theory for 1 2 Ϫ baryon resonances is established ͓42͔ or dynamical fermion simulationsare completed. Experience suggests that dynamical fermion results will be shifted down in mass relative to quenched results, with increased downward curvature near the chiral limit ͓8͔. It will be fascinating to confront this physics with both numerical simulation and chiral nonanalytic approaches.
In order to further explore the origin of the Roper resonances or the ⌳*(1405), more exotic interpolating fields involving higher Fock states, or nonlocal operators should be investigated. Finally, the present N* mass analysis will be extended in future to include N→N* transition form 
